
ANSWER TO HOMEWORK IV

Solution 1. (i)
∞∑

n=1
(−1)n+1 2

n sinnx.

(ii) π
2 +

∞∑
n=1

2
n2π [(−1)n − 1] cosnx.

(iii)
∞∑

n=1
(−1)n+1 2

n sinnx.

Solution 2. u(t, x) =
∞∑

n=1

(−1)n+12
n sinnx cosnt.

Solution 3. (i) Since the Fourier series of f(x) = |x| is

π

2
+

∞∑
n=1

2

n2π
[(−1)n − 1] cosnx,

then by Parseval’s identity,

π3

2
+

∞∑
n=0

16

(2n+ 1)4π
=

∫ π

−π

|x|2dx =
2π3

3
,

therefore
∞∑

n=0

1

(2n+ 1)4
=

π4

96
.

Denote

S :=

∞∑
n=1

1

n4
, S1 :=

∞∑
n=0

1

(2n+ 1)4
, S2 :=

∞∑
n=1

1

(2n)4
,

then

S =S1 + S2,

S2 =
1

16
S,

therefore

S =
π4

90
.

(ii) Since the Fourier series of f(x) = x(π − x) is
∞∑

n=1

4

n3π
[1− (−1)n] sinnx,

then by Parseval’s identity,
∞∑

n=0

64

(2n+ 1)6π
=

∫ 0

−π

|x(π + x)|2dx+

∫ π

0

|x(π − x)|2dx =
π5

15
,

therefore
∞∑

n=0

1

(2n+ 1)6
=

π6

960
.
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Denote

S :=

∞∑
n=1

1

n6
, S1 =

∞∑
n=0

1

(2n+ 1)6
, S2 :=

∞∑
n=1

1

(2n)6
,

then

S = S1 + S2,

S2 =
1

64
S,

therefore

S =
π6

945
.

Solution 4. 1. By direct computation,

∥f1∥2H1(T2) = 4π2|C|2,

∥f2∥2H1(T2) = 2π2(1 + n2),

∥f3∥2H1(T2) = 2π2(1 + n2).

2.
(a) By direct computation,

divUn,ω = 0,

∂tUn,ω + (Un,ω · ∇x)Un,ω = − 1

n

(
cos(nx1 − ωt) sin(nx2 − ωt)
cos(nx2 − ωt) sin(nx1 − ωt)

)
,

div ((Un,ω · ∇x)Un,ω) = 2 sin(nx1 − ωt) sin(nx2 − ωt).

(b) By direct computation,

∆

(
1

2n2
ωn

)
=
∂
(

1
2n cos(nx1 − ωt) sin(nx2 − ωt)

)
∂x1

+
∂
(

1
2n cos(nx2 − ωt) sin(nx1 − ωt)

)
∂x2

=− sin(nx1 − ωt) sin(nx2 − ωt)

=− ωn.

(c) By direct computation and the above result,

∆R = ∆Q+∆

(
1

2n2
ωn

)
= 0.

(d) By the above result,

∆R = 0,

then

−|k|2R̂(k) = 0, ∀k ∈ Z2,

which implies

R̂(k) = 0, ∀k ≥ 1,

therefore

R(x) =
1

(2π)2
R̂(0).
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(e) By direct computation and the above results,

∇x∆
−1div((Un,ω · ∇x)Un,ω)

=∇x∆
−1(2ωn)

=∇x

(
− 1

n2
ωn + 2Cn

)
=− 1

n

(
cos(nx1 − ωt) sin(nx2 − ωt)
cos(nx2 − ωt) sin(nx1 − ωt)

)
.

(f) By direct computation and the above results,

∂tUn,ω + (Un,ω · ∇x)Un,ω −∇x∆
−1div ((Un,ω · ∇x)Un,ω) = 0.

3. Since

∥U0
n − V 0

n ∥2H1(T2) =
8π2

n2
,

therefore
lim
n→∞

∥U0
n − V 0

n ∥H1(T2) = 0.

4. By the previous results, we have

Un =

(
1+cos(nx2−t)

n
1+cos(nx1−t)

n

)
, Vn =

(
−1+cos(nx2+t)

n
−1+cos(nx1+t)

n

)
,

therefore

∥Un − Vn∥2H1(T2) =
8π2[5− cos(2t)]

n2
+ 16π2(sin t)2

≥32π2

n2
+ 16π2(sin t)2,

which implies

∥Un − Vn∥H1(T2) ≥ 2
√
2π2| sin t| − 4π

n
.


